We study arrays of plasmonic nanoparticles combined with quantum emitters, quantum plasmonic lattices, as a platform for room temperature studies of quantum many-body physics. We outline a theory to describe surface plasmon polariton (SPP) distributions when they are coupled to externally pumped molecules. The possibility of tailoring the dispersion in plasmonic lattices allows realization of a variety of distributions, including the Bose-Einstein distribution as in photon condensation [1] . We show that the presence of losses can relax some of the standard dimensionality restrictions for condensation.
We study arrays of plasmonic nanoparticles combined with quantum emitters, quantum plasmonic lattices, as a platform for room temperature studies of quantum many-body physics. We outline a theory to describe surface plasmon polariton (SPP) distributions when they are coupled to externally pumped molecules. The possibility of tailoring the dispersion in plasmonic lattices allows realization of a variety of distributions, including the Bose-Einstein distribution as in photon condensation [1] . We show that the presence of losses can relax some of the standard dimensionality restrictions for condensation. 
I. INTRODUCTION
Metallic nanoparticles arranged in periodic arrays display so-called surface lattice resonances (SLR) with relatively narrow linewidths [2] [3] [4] . SLRs offer complete designability of dispersion using nanofabrication techniques, which rivals the freedom of tailoring dispersions in optical lattices [5, 6] , but now in the nanometer scale. The SLR modes are based on localized surface plasmon resonances (LSPR) of the nanoparticles and diffractive orders of the lattice. The LSPR are confined to 10-100 nanometer dimensions, providing small mode volumes. Indeed, many-emitter strong coupling has been observed in these and other plasmonics systems [7] : the normal-mode/Rabi splittings are of the order 100-1000 meV, which means that the light-matter hybrids formed by strong coupling exist at room temperature. It has been predicted that strong coupling at the single emitter level is feasible at room temperature and without external cavities [7] . The effective masses of the hybrids in plasmonic systems range typically from 10 −8 to 10 −5 electron masses, suggesting the possibility of Bose-Einstein condensation at room temperature, for instance (see Appendix A). Thus, we envision that plasmonic lattices combined with emitters, which we call quantum plasmonic lattices, can become a platform for quantum many-body physics at room temperature and on-chip. Such similar concepts as superfluid-Mott insulator transition in optical lattices [8, 9] , exciton-polariton condensates [10] [11] [12] , light condensation [1] , thresholdless lasing [13, 14] , and quantum fluids of light in general [15] (among others) can be explored in quantum plasmonic lattices. Initial results on lasing in similar systems have been already reported [16] [17] [18] .
The role and design of interactions is challenge and an opportunity in quantum plasmonic lattices. Photonphoton interactions, mediated via either strong coupling hybridization or weak coupling interaction with the quantum emitters, are of a different nature than in the ultracold gas, semiconductor and microcavity systems mentioned above. Another difference is the highly lossy character of SLR modes (10-100 fs lifetimes generally), although with SLRs the lifetimes can be potentially increased to 100-1000 fs. A short lifetime is connected to the desirable feature of ultrafast operation speed, but it may hinder interesting quantum and coherence phenomena. In this article, as a primary example of the physics in quantum plasmonic lattices, we investigate the possibility of condensation of surface plasmon polaritons (SPPs) in the SLR modes. We show that by tailoring the SPP losses and dispersions different SPP distributions including one resembling the Bose-Einstein distribution can be realized.
II. PHYSICAL MODEL
We ask can SPPs supported by the SLR modes, interacting with quantum emitters in the weak coupling regime, display well defined statistical distributions including cases that show condensation -even in the presence of high losses? We consider a system of metallic nano-particle arrays supporting SLRs, see Fig. 1 . The nanoparticles are anisotropic so that the SLR dispersions are effectively one-dimensional. On top of the metallic array structure, we assume a number of quantum emitters that have a two-level structure where the levels are split into multiple sublevels; in practice the emitters can be dye molecules embedded in a polymer matrix, for example, with the electronic levels split into a rovibrationallevel substructure. Under appropriate conditions, plasmonic modes can strongly couple to molecules [19] [20] [21] ; here, we consider only the weak coupling regime. Therefore, we do not consider the possibility of condensation of light-matter hybrids in analogy to semiconductor exciton-polariton condensates [10, 11] but phenomena more similar to the concept of photon condensation [1, 22, 23] .
We consider molecules pumped so that a certain fraction of them are on the excited state manifold. This implies that a loss-compensating pump is implicit in our model. Molecular manifolds thermalize at picosecond timescales due to their coupling to the phonon bath of the polymer so that both excited-and ground-state rovi- 1.68
SLR dispersions as a function of wavenumber k in the plane of the nano-particle array. Here we choose ǫ(k) =hω(k) = ± (hck/n) 2 + (δB/2) 2 + ǫ0, where n = 1.51 is the index of refraction, δB = 10 meV is a gap between branches, and ǫ0 is the energy offset. (a) Shows the two SLR branches so that the blurred line on the background indicates finite width of the SLR. In the subplot we show the absorption profile B(ω) for the DiD-molecule at E =hω based on the manufacturer's data together with a linear extrapolation close to absorption edge. (b) Shows a schematic description of the system with rectangular nano-particles, emitters (red balls), spatially varying electro-magnetic field strength, and a simplified model of the molecule energy level structure in the inset, with ground state levels EGS,i (EGS,1,EGS,2, ...). White arrow indicates the direction of the wavevector where dispersion varies.
brational manifolds are separately assumed to be in equilibrium Maxwell-Boltzmann distributions corresponding to the sample temperature. Relaxation from the excited to the ground-state is assumed to occur in the timescale of nanoseconds. We assume the molecular decay is dominated by the coupling to the plasmonic modes, that is, a large branching ratio β b between spontaneous emission to the modes of interest versus other modes [14, 24] . This is justified in plasmonics systems where both enhanced spontaneous emission, that is, the Purcell effect [25] , and strong coupling can be easily achieved [7, 17] . Although β b is large, we are not working in the limit of thresholdless lasing [14] (see Appendix B).
In our computations, we consider dye molecules, although any emitters with a similar level structure would do. We take the absorption properties of the dye molecules to be those of DiD-molecules (as used in our experiments in [21] ). Importantly (based on the manufacturer data) the emission profile is well predicted by the Kennard-Stepanov relation ∝ B(ω)e −β(hω−∆) at room temperature (β = 1/k B T ). Here ∆ is the difference between the lowest excited manifold energy and the ground state energy,hω is the SPP energy, and B(ω) is the absorption profile (see Fig. 1 ). In the limit where the ground state manifold is narrow, ∆ approaches the absorption edge of the molecules. We model the molecules as systems with ground-and excited-state manifolds that have a rovibrational level structure, see Fig. 1 . We take this level structure to be 10 equidistant energy levels so that the minimum separation of the manifolds corresponds to the absorption edge. While realistic molecules are more complicated, these assumptions do not change the expected qualitative behavior strongly. The molecules are assumed to be embedded in a medium, for example, a polymer matrix.
III. RATE EQUATION MODEL
Generally time-evolution of a quantum system can be written in terms of a master equation for the density matrix. A simplified description can be obtained by neglecting off-diagonal coherence terms and focusing on populations appearing on the diagonal. These follow rate equations based on transition rates between states [32, 33] .
Let us explore the evolution of one k-mode (corresponding to SPP energy ofhω(k)) occupation n. This mode can decay at a rate Γ, and this gives rise to a loss term in the rate equation
A SPP may also be absorbed by the dye at a rate R abs , and since there are many transitions and the absorption rate depends on the absorption profile B of the dye, we get a term
where M = i exp(−βE GS,i ) is a factor that accounts for the molecular levels in thermal equilibrium. Here we assumed equidistant (splitting ∼ 10 meV) molecular rovibrational levels over a range of ∼ 100 meV, but in the end this factor depends on the details of molecular-level structure. Note that in Ref. [28] , many molecular transitions can contribute to the same photon energy. This was accounted for by an integration over ground state energies with some rovibrational densities of state. In that case, the steady state could be solved by demanding a vanishing integrand without specifying the densities of states. To find a steady state solution in our case, the molecules must be specified in greater detail, since the absorption and emission terms must be balanced with the plasmon loss term outside the summation that was absent in Ref. [28] . Furthermore, we assume that the molecular absorption profile depends on the ground state manifold energy E GS,i only weakly so that B(ω, E GS,i ) ≃ B(ω). Finally, molecules can decay into SPPs and this process acts as a source of SPPs. The rate coefficients for spontaneous and stimulated emissions are the same. This similarity together with the assumption of the KennardStepanov law relating emission and absorption rates and the M factor mentioned earlier, gives a term
The ratio of R spon and R abs depend on the number of excited and ground state molecules, as will be discussed below.
As a result of these considerations SPP occupations n(k) are described by a rate equatioṅ
Here, ω(k) is the SLR dispersion. The summation is over ground state molecular manifold energy levels E GS,i . We estimate the SPP decay rate Γ(ω) from our experiments [21] . With reasonable accuracy it can be taken as a constant of magnitude Γ(ω) = 10 meV. This term, addressing the short lifetimes of SPPs, is one of the essential differences when compared to previous studies of photon condensation in microcavity systems [26] where such a term was ignored due to longer lifetimes. The remaining terms describe spontaneous and stimulated emissions at rate R spon (ω) from molecules to SPPs as well as an absorption at the rate R abs (ω). Note that chemical potential does not appear in the rate equation since the SPP number is not conserved.
The number of molecules N M coupled to the SPPs should not be obtained from the total number of molecules in the sample, but instead as the number of molecules within an effective mode volume; this is estimated (see Appendix C) to be around N M = 24 · 10 6 dye molecules in our system. We define N M = N e + N g , where N e is the number of molecules in the excited manifold and N g corresponds to the molecules in the ground state.
The rates are affected by the number of excited state molecules N e relative to ground state molecules N g , and the quantum yield Φ of the dye-molecule. We take the rate coefficient for the spontaneous (and stimulated) emissions to be
where τ is the characteristic lifetime of the excited state molecule in vacuum, chosen as ∼ 5 ns. In principle, the spontaneous emission rate in free space depends on energy as ∝ ω d (d is the dimensionality), but we ignore the energy dependence here since the range of energies where distributions vary is small compared to absolute photon energies and the presence of metal will change such dependencies. Furthermore, F is the Purcell factor and describes the enhanced decay rate of the molecules close to plasmonic structures. Interestingly, large Purcell enhancement will allow smaller population inversions, that is, smaller N e . Since F is unknown and depends on experimental details, we choose F = 20 in our computations so that it is likely of correct order of magnitude with respect to the range of reported values from F = 6 to F = 200 [16, 17] . The absorption rate coefficient is taken as
Note that since the total absorption rate scales with the number of molecules the rate is, in our case, typically few orders of magnitude larger than the SPP decay rate. The SPPs with energies in the 2 eV range are well separated from thermal excitations at k B T = 26 meV, so the only way to excite them is via decay from molecules. The SPPs can have fairly complicated dispersions, and their widths can vary, for example, as a function of the photon momenta in the plane of the nano-particles. The dispersions are typically nearly linear, however a bandgap can be designed by breaking the symmetry of the array, see Fig. 1 . It should be emphasized that SLR dispersions can be tailored at will with different structures, and our choices are therefore only indicative of the physicallypossible dispersions. The anisotropy of the array implies that SPPs of only one polarization state play a role here, and the dispersion is essentially one-dimensional [27] . The SLR dispersion used here is, as given in the caption of Fig. 1 ,
Here k is the wavenumber in the plane of the nanoparticle array, n is the index of refraction, δ B is the gap between the upper and lower SLR branches, and ǫ 0 is located in the middle of the dispersions. We use the typical values n = 1.51 and δ B = 10 meV, and ǫ 0 is varied.
IV. STEADY STATE SOLUTION
The rate equations have a steady state solution
where we defined
and M = i exp(−βE GS,i ). Now k-states for which the denominator (nearly) vanishes may have, for certain parameters, diverging populations compared to the other k states i.e. macroscopic occupation. If the term
To have diverging populations of the lowest states, one should have g(ω)e β(hω−∆) around 1 for small energies. This implies R abs /R spon = N g /(N e Φ) ∼ 1. Note that if molecules experience losses to other modes than SLRs, these could be taken into account by reducing the quantum yield Φ.
To have the term minus one in the denominator of equation (8), the term n(k) in (1+n(k)) in the rate equation (4) is needed: this means having stimulated emission into the mode of interest. Bosonic enhancement is thus behind any SPP condensation with statistics deviating from the Maxwell-Boltzmann distribution. The spontaneous emission term, the unity in (1 + n(k)), is needed to have a non-zero SPP number, since there is no direct pumping into the mode (see Appendix B). Losses play a role somewhat similar to absorption. In the limit of small losses (Γ) and absorption (R abs ), the distribution (5) becomes negative, meaning there is no steady state and only exponentially growing solutions; we differentiate condensation from lasing by exponentially growing n, that is, a positive gain coefficient for the latter. In Fig. 2 , we demonstrate the distributions for realistic experimental parameters.
How close to a Bose-Einstein distribution can one make the distribution? By moving the function g(ω) in Eq. (5) into the exponent we find a distribution with the "chemical potential" µ(ω) = ∆ − 1 β ln g(ω) that generally depends on energy. In the special case where losses disappear Γ(ω) = 0 the result becomes similar to that for the chemical potential of photons in a photon BEC [28] where photon fugacity was essentially fixed by the excitation level of the system. More generally it should be noted that when Γ(ω)/B(ω) is constant (other quantities in Eq. 3 are assumed constant) µ(ω) is also a constant and the distribution still looks like a Bose-Einstein distribution even in a lossy environment. This is interesting considering the freedom of tailoring the dispersion in plasmonic lattices. Like dispersions loss profiles can also be designed by the lattice geometry. Therefore, it is possible to engineer loss profiles to match the absorption profile of the emitters, and thus perhaps guarantee a constant Γ(ω)/B(ω). One possibility to do this is to couple the SLR of interest to another resonance (e.g. caused by another diffractive order in the lattice) so weakly that no splitting but merely a broadening of the dispersion is caused near the desired location in energy.
Furthermore, Bose-Einstein-like distribution might appear over some energy intervals but not in others. In Fig. 3 we show an example of how the function g(ω) behaves when the loss coefficient is constant (Γ(ω) = 10 meV) and the absorption profile corresponds to DiDmolecule. As can be seen this function is almost constant over a broad range and has strong energy dependence only close to the absorption edge where the denominator of g(ω) approaches zero. Beyond this regime, around the absorption peak, g(ω) is almost constant for an energy The hole in first distribution is caused by absorption edge of the molecules being at higher energy than the minimum of the SLR dispersion. Position of the absorption edge is indicated schematically in the insets by the gray line. Only modes in the blue region are appreciably pumped by molecules. As temperature increases this feature becomes less sharp. In (c) we approached inversion so that Ne/Ng = 0.99. Solid line is from our theory, dashed black line shows the Maxwell-Boltzmann result without "-1" in the denominator of the distribution, and dashed red line is with a Bose-Einstein distribution where g(ω) was evaluated close to absorption peak at 1.92 eV.
range much broader than room temperature; it is in this range where Bose-Einstein distribution may be expected even without special tailoring of the loss profile, as shown in Fig. 2 . The condition for diverging populations is
As mentioned earlier, in case of a constant Γ(ω)/B(ω) the resulting distribution is the BE one, otherwise it deviates from BE-distribution, but there is nevertheless divergence of population. We demonstrate the way excitation fraction required for diverging occupation behaves as a function of quantum yield and loss rate in Fig. 4 . FIG. 3. The function g(ω) in our example system with Ne/Ng = 0.01 (E =hω). For the DiD-dye molecules the absorption edge is at ∆ = 1.75 eV and we choose Γ(ω) = 10 meV which is a reasonable estimate based on experiments [21] . For a BE-distribution this function should be constant. With our parameters this quantity depends only relatively weakly on the SPP loss coefficient while the dependence on quantum yield is stronger. The theory of ideal Bose-Einstein condensates (BEC) with dispersions linear in k shows that a BEC cannot occur in a one-dimensional system. Likewise it is not possible with free particle like k 2 -dispersions in dimensions less or equal to two [29] . In our context, such limitations can be relaxed since the loss profile and the absorption profile both appear in the steady state solution. To illustrate this, assume ǫ =hω =hck/n. We can then write the total steady-state SPP number (L is the length of the system)
also in terms of effective density of states as
where
This function is not the physical density of states, and consequently BEC-like distributions can appear even in lower dimensional systems if the loss behavior is appropriate. In this case close to the absorption edge, ρ(ǫ) vanishes like the density of states for a three-dimensional photon gas or for massive particles in a three-dimensional harmonic trap (see Appendix D). The integral over energy is therefore well behaved in a similar way as in the theory of the ideal BEC.
V. LASING
Finally, we connect the results to lasing in these systems. For exponentially growing solutions of equation (4) to occur the gain coefficient
should be positive. This is only possible if
which implies population inversion. This is not a sufficient condition for positive gain. While close to the absorption edge, the exponential approaches one; the B(ω) multiplier in the gain coefficient approaches zero.
In Fig. 5 , we demonstrate the behavior of the maximum of the gain coefficient. The parameters of the experiment [17] that reported an observation of lasing in plasmonic arrays correspond roughly to the left corner of Fig. 5 . In our example, the maximum gain there is indeed positive (α ≈ 2.4), which means that our model is consistent with existing experiments.
VI. CONCLUSIONS
We have shown that condensation phenomena are possible even in high loss rate systems, such as plasmonic lattices combined with emitters. Population inversions of N g /(N e Φ) ∼ 1 are needed to achieve the regime where the distribution deviates from the Maxwell-Boltzmann one and may show diverging occupation numbers for certain states. By tailoring the dispersions and loss profiles, different types of distributions can be produced, also the Bose-Einstein one. Coherence and quantum statistical properties of these systems should be characterized in future work, including higher-order correlations beyond the rate equation approach [30, 31] . Condensation of SPPs may be the way to produce highly coherent light in nanoscale with low powers and modest population inversions.
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We thank Jildou Baarsma, Tommi Hakala, Robert Moerland, Heikki Rekola, and Lei Shi for useful discussions. The interplay between diffraction orders, localized surface plasmon resonances, and emitters may introduce splittings of the surface lattice resonances. In the absence of coupling to emitters, surface lattice resonances can have (for example) a dispersion of type
where n is the index of refraction, δ B is a gap between the branches, and ǫ 0 is the energy offset. For small wavevectors k in the plane of the nano-particles, we can use a Taylor expansion of the square root and find a particlelike dispersion that is described by an effective mass
When the splitting is in the range from 10 meV to 1000 meV, the effective mass is between 10 −8 m e and 10 −6 m e , where m e is the electron mass. Since, for example, the critical temperature for Bose-Einstein condensation is inversely proportional to particle mass (k b T c ≈ 3.3h 2 n 2/3 B /m ef f for a free Bose gas in 3D with density n B ), these low values suggest a possibility for much higher temperatures for phase transitions. However the above approximation is not valid for all wave-vectors, and real dispersions should be used in actual calculations. Expansion is appropriate if k ≪ nδ B /(2hc) where the right-hand side varies (n = 1.5) between 0.04/µm and 4/µm.
We can also estimate the effective mass where the above dispersions couple strongly with a molecular energy level of the emitter [20, 21] . In this case, the eigenmodes follow from a Hamiltonian
where E m corresponds to the molecular transition energy and Ω is the coupling between molecules and the surface lattice resonance (without a loss of generality, we choose ǫ 0 = 0 in this case). Solving for the eigenmodes and expanding again around k = 0, gives us the effective mass
(A4) This approaches the previous result as coupling disappears, while in the limit of very large coupling, we have m ef f ≈ n 2 δ B /c 2 . The effective mass of the hybridized mode is nevertheless always larger than that of the surface lattice resonance. If the splittings in SLR range from δ B = 10 meV to δ B = 1000 meV and the Rabi splitting is 100 meV [21] , the effective mass varies between m ef f ∼ 10 −8 m e and m ef f ∼ 10 −5 m e .
Appendix B: Comparison to cavity-QED laser rate equations
It is instructive to compare the rate equation (5) to the description of a cavity-QED laser [14] . The rate equation of the cavity-QED system in the presence of background absorption is
Here, n is the photon number in the cavity mode and N is the number of atoms in the upper lever of the lasing transition, in short, the number of carriers. The coefficients λ and P are the cavity decay rate and the pumping rate, respectively, measured in the units of the spontaneous emission rate γ. The branching ratio β b indicates the fraction of the spontaneous emission to the laser mode [24] . Finally, N 0 is the carrier number at transparency and accounts for the absorption of photons to the medium (more precisely, when N = N 0 , the stimulated emission from and absorption to the medium are equal).
The pair of equations above assumes that the system is pumped with a constant rate P . This assumption is the important difference in the rate equation (5) where, conversely, it was assumed that the excited molecular states are in thermal equilibrium with the environment, and that the time-scale of equilibration is fast in comparison to the time-scale of the rate equation. This is equivalent to replacing the time-evolution of the carrier density of the cavity-QED system with an externally-determined, constant carrier density N c . Incorporating this assumption, only the photon number rate equation is relevant to the problem. We re-write this equation aṡ
We may then readily identify a one-to-one correspondence with the SPP rate equation. The coefficients of the two rate equations map onto each other as follows
In other words, the cavity decay rate corresponds to the SPP decay rate, the total emission rate to the cavity corresponds to the total emission rate to the SLR mode, and the background absorption rate corresponds to the absorption of SPP by the molecules. The difference is that the rate equation for the SPP system explicitly takes into account that there are many molecular energy levels which take part in the emission and absorption processes, that is, there is a summation over the molecular energy levels E GS,i . There are number of important points to note. Several SLR modes are labeled by the momentum k, each of which requires its own rate equation. However, these rate equations are mutually independent since the molecular states are maintained at thermal equilibrium with constant occupation number. Therefore, the mapping to the cavity-QED system is possible on the level of a single SLR mode. The high loss rate character of our system guarantees a small SPP number compared to the number of excited molecules; therefore, the assumption of the constant occupation number is reasonable. Thus, although the β b -factor in our case is large, that is, most of the spontaneous emission is guided to the modes of interest, we are not working in the regime of thresholdless lasing. Our system rather corresponds to the bad cavity limit. Indeed, if the molecular occupation numbers would be time-dependent and have feedback from the SPP spectrum, all of the SLR modes would be coupled with each other by the time evolution of the molecular states. In summary, the difference of our case in comparison to cavity-QED system description [14] are 1) constant excited state (carrier density) population assumed instead of excited state dynamics, which is justifiable in our high-loss-rate system, 2) we consider several modes, 3) temperature-and energy-dependent excited state populations and absorption/emission coefficients. Due to these differences, phenomena distinct from (thresholdless) lasing can be predicted.
Appendix C: Estimate of the molecule number
The rates in the rate equations are affected -among other things-by the total number of molecules N T . The number of molecules N M coupled to the SPPs will, however, be different from the actual number of molecules over the sample for several reasons. First, the mode structure of the SLR modes has a strong spatial variation at a length scale of the metallic nanoparticle array. This means that the molecules around "hot spots" dominate the coupling to SPPs. The fraction of such molecules is roughly proportional to the fraction of the surface covered by metal, and in our typical experiments [21] this varies between 0.3% and 1.3%. Second, the intrinsic losses in the system limit how far the modes can propagate, and coherence lengths related to this are in the range of ∼ 5 µm [21] , which is much smaller than the dimensions of the nanoparticle array. Together, this suggests that N M should range from 0.1% to 1% of the total number of dye-molecules. We choose an estimate of 1%.
We consider a molecule concentration of 50 mM , and 50 nm as the thickness of the molecule layer. For a 40 × 40 µm 2 sample, this implies around N M = 24 · 10 6 dye molecules. This is a reasonable value based on our experiments [21] where the dye concentration range from 0 to 800 mM, and up to 1 % of the structure was covered by metal.
Appendix D: Effective density of states
As pointed out in the main text, with linear dispersion we can write the plasmon number in terms of effective density of states as 
Close to the absorption edge we can take B(ǫ) ∝ (ǫ − ∆). Since the loss coefficient Γ(ω) is non-zero and expected to be well behaved at the absorption edge, this implies g(ǫ) = a + b/(ǫ − ∆) (with a and b some positive coefficients) in the vicinity of the absorption edge. Therefore, by expanding ρ(ǫ) around the absorption edge we find ρ(ǫ) = nLβ(ǫ − ∆) 2 /(bhc). As a function of energy relative to absorption edge, this function vanishes in the same way as the density of states for a three-dimensional photon gas or similar to the density of states of massive particles in a three-dimensional harmonic trap. We demonstrate this behavior in Fig. 6 . If the absorption profile close to the absorption edge vanishes faster than linearly, then the effective density of states vanishes faster than (ǫ − ∆) 2 and the integration over energy is still well behaved. Note that in the figure the region where ρ(ǫ) ∝ (ǫ − ∆)
2 is so close to the absorption edge that the dependence appears roughly linear visually.
